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1. INTRODUCTION
In this note we study the blow up estimates for a system of heat
equations coupled in the boundary conditions, namely
u s u , ¨ s ¨ , x ) 0, t ) 0,¡ t x x t x x
­ u ­ ¨
p q~ 1y s ¨ , y s u , x s 0, t ) 0,  .
­ x ­ x¢u x , 0 s u x , ¨ x , 0 s ¨ x , x ) 0, .  .  .  .0 0
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 .  .where pq ) 1 and both u x and ¨ x are nonnegative bounded func-0 0
tions.
 w x.There are many results for the half space problem see 2, 5, 9 .
w xGalaktionov and Levine 9 considered the boundary value problem
u s u , x ) 0, t ) 0,¡ t x x
pyu s u , x s 0, t ) 0,x~ 2 .
u x , 0 s u x G 0, x ) 0, .  .0
p¢yu 0 s u 0 . .  .0 x 0
 .They showed that if 1 - p F 2, then u x, t blows up in a finite time for all
 .nontrivial u ; whereas if p ) 2, then u x, t becomes unbounded for large0
 .u and u x, t exists globally for small initial data. Their results extend to0
 . w x w xthe half space problem 1 in 2 . It is shown in 2 that there exists a Fujita
 .type critical exponent for the system 1 . Questions about blow up rate,
blow up set, asymptotic behavior, and uniqueness have been studied by a
w xnumber of authors. There is a nice survey 5 on this subject.
In the one-space-dimensional case, blow up rate and blow up set were
w xestablished in 2 under certain assumptions on the initial data and the
 4condition min p, q ) 1. When pq - 1, a nontrivial solution with vanish-
ing initial values was also constructed. Their results are expected if one
 . pcompares the system 1 to the equation u s Du q u with zero Dirichlett
 w x.boundary condition or Cauchy problem see 10, 11 .
In this note we shall establish the blow up rate estimates for the case
 4pq ) 1 and remove the condition min p, q ) 1 and certain assumptions
w x  .on the initial data in 2 . We shall also prove a uniqueness result of 1 with
vanishing initial values when pq ) 1.
Our main results read as follows:
THEOREM 1. Assume that T is blow up time and that u , ¨ g C 2 l0 0
` .L 0, q` satisfy
 .  .i i i.  i.y1 u x G 0, y1 ¨ x G 0, i s 0, 1, 2, 3 .  .  .  .  .0 0
yu 0 F ¨ p 0 , y¨ 0 F uq 0 . 4 .  .  .  .  .0 x 0 0 x 0
Then there exist positi¨ e constants C , i s 1, 2, 3, 4, such thati
yt yt1 1C T y t F u 0, t F C T y t .  .  .1 2
and
yt yt2 2C T y t F ¨ 0, t F C T y t , .  .  .3 4
 .  .  .  .where t s p q 1 r2 pq y 1 and t s q q 1 r2 pq y 1 .1 2
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w xUnder the assumptions on initial values of Theorem 3.4 in 2 , we can
 4remove the condition min p, q ) 1 and simplify their proof.
THEOREM 2. Assume that pq ) 1. Assume that T is a blow up time and
3 ` .that u , ¨ g C l L 0, q` satisfy0 0
yuX 0 s ¨ p 0 , y¨ X 0 s uq 0 5 .  .  .  .  .0 0 0 0
yuZ 0 s p¨ py1 0 ¨Y 0 , y¨Z 0 s quqy1 0 uY 0 , 6 .  .  .  .  .  .  .0 0 0 0
 .  .i i i.  i.y1 u x G 0, y1 ¨ x G 0, i s 0, 1, 2, 3, 7 .  .  .  .  .0 0
lim u x s 0, lim ¨ x s 0, 8 .  .  .0 0
xªq` xªq`
u x F y¨ p x , ¨ x F yuq x . 9 .  .  .  .  .0 x 0 0 x 0
Then there exists a positi¨ e constant C , i s 1, 2, 3, 4, such thati
yt yt1 1C T y t F u 0, t F C T y t .  .  .1 2
and
yt yt2 2C T y t F ¨ 0, t F C T y t , .  .  .3 4
 .  .  .  .where t s p q 1 r2 pq y 1 and t s q q 1 r2 pq y 1 .1 2
THEOREM 3. Assume that pq G 1. Then the only solution of the problem
¡ Nu s Du , ¨ s D¨ , x g R , t ) 0,t t q
­ u ­ ¨
p q~y s ¨ , y s u , x s 0, t ) 0, 10 .1­ x ­ x1 1
N¢u x , 0 s u x , ¨ x , 0 s ¨ x , x g R .  .  .  .0 0 q
with u s ¨ s 0 is the tri¨ ial one, i.e., u s ¨ s 0.0 0
For definiteness, we may always assume q G p throughout the paper.
2. THE PROOFS OF THE THEOREMS
Throughout this paper, we shall use C, C , c, and c to denote variousi i
generic constants if there is no confusion.
 .  .LEMMA 1. Assume that u, ¨ is the solution of 10 .
 .i If q G p, then there exists a positi¨ e constant C such that5
¨ G C uqq1.r pq1. ; 11 .5
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 .ii If p G q, then there exists a positi¨ e constant C such that6
u G C ¨  pq1.rqq1. .6
 . pq1 qq1Proof. i Set J s b ¨ y b u , where b , b ) 0 satisfy1 2 1 2
b p q 1 y b q q 1 G 0 .  .1 2
and
b ¨ pq1 x y b uqq1 x G 0. .  .1 0 2 0
Then it can be verified that J satisfies
J y D J q a u , ¨ , =J ? =J q b u , ¨ J s q y p F u , ¨ , .  .  .  .t
where
p =J q 2b q q 1 uq =u . .2
a u , ¨ , =J s , . pq1b p q 1 ¨ .1
2 2qy1 < <b p q q 1 u =u .2
b u , ¨ s y , . pq1b p q 1 ¨ .1
b q q 1 .2 2qy1 < <F u , ¨ s u =u G 0, .
p q 1
­ J ­ ¨ ­ u
p qy s y b p q 1 ¨ y b q q 1 u .  .1 2 /­ x ­ x ­ x1 1 1
s b p q 1 ¨ puq y b q q 1 uq¨ p .  .1 2
s uq¨ p b p q 1 y b q q 1 G 0, x s 0, .  . .1 2 1




¨ G C uqq1.r pq1. .5
 .  .ii The proof is similar to that of i .
 .  .Proof of Theorem 1. By the maximum principle, it follows from 3 ] 4
that
u , u , ¨ , ¨ G 0 and u , ¨ F 0 for t g 0, T . .t t x x
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 .  .  .  .Hence u 0, t s max u x, t and ¨ 0, t s max ¨ x, t . Recall thatx G 0 x G 0
 . Nthe Green's function G x; y; t for the heat equation in R satisfyingq
­ Gr­ y s 0 at y s 0 is given by
2 2x y y x q y .  .y1r2G x ; y ; t s 4p t exp y q exp y . .  .  /  / /4 t 4 t
w x  .We have the representation formulae 2 for the solution of 1 :
q` t pu x , t s G x ; y ; t u y dy q G x ; 0; t y s ¨ 0, s ds 12 .  .  .  .  .  .H H0
0 0
and
q` t q¨ x , t s G x ; y ; t ¨ y dy q G x ; 0; t y s u 0, s ds. 13 .  .  .  .  .  .H H0
0 0
 w x.These are the so-called ¨ariation of canstants formulae cf. 1, 13 .
First we derive the blow up rate estimates from above.
LEMMA 2. Under the assumptions of Theorem 1, there exist positi¨ e
constants C and C such that2 4
yt 1u 0, t F C T y t , 14 .  .  .2
yt 2¨ 0, t F C T y t , 15 .  .  .4
 .  .  .  .where t s p q 1 r2 pq y 1 and t s q q 1 r2 pq y 1 .1 2
 .  .Proof. By 12 and 11 we have, for 0 - t - T ,
t y1r2 pu 0, t G p t y s ¨ 0, s ds .  .  . .H
0
t y1r2 p pqq1.r pq1.G p T y s C u 0, s ds s c I t . .  .  .H 5 1
0
w xAs in 12 , it follows that
y1r2 pqq1.r pq1.I9 t s T y t u 0, t .  .  .
y1r2pqq1.r pq1. pqq1.r pq1.G c T y t I t . .  .1
  .Integrating the above inequality we obtain here we can assume I T s
.q`
 . w  .xy pq1 r 2 p qy1I t F C* T y t . 16 .  .  .
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On the other hand, for any Tr2 F t - T and 0 - t - t,
u pqq1.r pq1. 0, s .t
I t G ds . H ’T y st
dstpqq1.r pq1.G u 0, t .H ’T y st
t y t
pqq1.r pq1.G u 0, t . 17 .  .’T y t
 .  .Combining 16 and 17 , we get, for Tr2 F t - T and 0 - t - t,
t y t  . w  .xy pq1 r 2 p qy1pqq1.r pq1.u 0, t F C* T y t . .  .’T y t
 .Taking t s t q T r2 in above inequality, we have
 .  .y pq1 r2 p qy1 y1r2pqq1.r pq1.u 0, t F c T y t , .  .2
i.e.,
 . w  .xy pq1 r 2 p qy1u 0, t F C T y t . .  .2
 .This implies that 14 holds.
 . yIf 15 fails, then there is an increasing sequence of times t ª T suchn
that
yt 2¨ 0, t G c T y t 18 .  .  .n n n
 w x.and c ª q` as n ª q` see 10, 11 .n
 .  .Since ¨ G 0, by 12 and 18 we get for any t F t - Tt n
dst y1r2 pu 0, t G p ¨ 0, t .  .H n’T y stn
t y tn  .  .yp qq1 r2 p qy1p y1r2G c p T y t . 19 .  .n nT y t’ n
 .  .By 14 and 19 we get, for any t F t - T ,n
t y tn  .  .  .  .yp qq1 r2 p qy1 y pq1 r2 p qy1p y1r2c p T y t F C T y t . .  .n n 2T y t’ n
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 .Taking t s t q T r2 in the above equality, we getn
1
p y1r2  pq1.r2 p qy1.c p F C 2 .n 22
There is a contradiction as n ª q` because c ª q` as n ª q` andn
 .hence 15 holds.
w xWe shall derive the estimate from below by using the idea of 12 .
LEMMA 3. Under the assumptions of Theorem 1, there exist positi¨ e
constants C and C such that1 3
yt 1u 0, t G C T y t , 20 .  .  .1
yt 2¨ 0, t G C T y t , 21 .  .  .3
 .  .  .  .where t s p q 1 r2 pq y 1 and t s q q 1 r2 pq y 1 .1 2
w xProof. For any 0 F z - t - T and x G 0, we have Green's identity 1
q` t pu x , t s G x , y , t u y , z dy q G x ; 0; t y s ¨ 0, s ds .  .  .  .  .H H
0 z
and
q` t q¨ x , t s G x , y , t ¨ y , z dy q G x ; 0; t y s u 0, s ds. .  .  .  .  .H H
0 z
5  .5  . 5  .5  .Since u ?, t s u 0, t , ¨ ?, t s ¨ 0, t , u G 0, and ¨ G 0, we have` ` t t
t y1r2 pu 0, t F u 0, z q p t y s ds ? ¨ 0, t .  .  .  . .H
z
and
t y1r2 q¨ 0, t F ¨ 0, z q p t y s ds ? u 0, t ; .  .  .  . .H
z
i.e.,
p’u 0, t F u 0, z q C T y z ¨ 0, t 22 .  .  .  .7
and
q’¨ 0, t F ¨ 0, z q C T y z u 0, t . 23 .  .  .  .8
 .  .By 11 and 23 we get
yq  pq1.rqq1. q pq1.rqq1.’¨ 0, t F ¨ 0, z q C T y z C ¨ 0, t . 24 .  .  .  .8 5
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By the assumptions, T is the blow up time; therefore
lim ¨ 0, t s q` .
ytªT
 .  .and hence we can choose t - T such that ¨ 0, t s 2¨ 0, z , and the
 .inequality 24 becomes
yq  pq1.rqq1. q pq1.rqq1. q pq1.rqq1.’¨ 0, z F C T y z C 2 ¨ 0, z . .  .8 5
 .The above inequality implies that 21 holds.
 .  .Since ¨ G 0, by 12 and 21 we get for any 0 - z - t - Tt
dst y1r2 pu 0, t G p ¨ 0, z .  .H ’T y sz
t y z  .  .yp qq1 r2 p qy1p y1r2G C p T y z . .3 ’T y z
Taking z s 2 t y T in the above inequality, we get
1  .  .yp qq1 r2 p qy1p y1r2 y pq1.r2 p qy1.u 0, t G C p 2 T y t ; .  .3’2
 .i.e., 20 holds.
Proof of Theorem 2. Since pq ) 1 and q G p, we have q ) 1. By the
w xresults of 2, Theorem 3.4 we have
1
2 p¨ 0, t F u 0, t u 0, t 25 .  .  .  .t2
and
1
2 qu 0, t F ¨ 0, t ¨ 0, t . 26 .  .  .  .t2
w x w . w .As in 2 , we define on 0, q` = 0, T
K x , t s ¨ x , t q uq x , t . .  .  .x
 .  .The assumption 9 ensures that K x, 0 F 0.
A routine calculation yields
K y K s yq q y 1 uqy2 u2 . .t x x x
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 . w xUsing the boundary conditions and 8 , we have 2
K 0, t s 0, lim K x , t s 0. .  .
xªq`
w . w .Thus, by the maximum principle K F 0 in 0, q` = 0, T . Therefore, for
 .  .every t g 0, T , the function K ?, t attains its maximum at x s 0. Conse-
 .  .quently K 0, t F 0. Writing out the inequality, we see that on 0, Tx
¨ 0, t F quqy1 0, t yu 0, t s quqy1 0, t ¨ p 0, t . 27 .  .  .  .  .  . .t x
 .  . w xUsing 25 ] 27 , we can obtain Theorem 2. Indeed, as in 2 , we easily
obtain
 .  .y pq1 r2 p qy1u 0, t F C T y t 28 .  .  .2
and
 .  .y qq1 r2 p qy1¨ 0, t G C T y t . 29 .  .  .3
 .  .By 25 and 29 , we have, for any z - t - T ,
t t2 2 p 2 pu 0, t G ¨ 0, s ds G ¨ 0, s ds .  .  .H H
0 z
 .  .yp qq1 r p qy12 p 2 pG t y z ¨ 0, z G C t y z T y z . .  .  .  .3
 .Taking z s 2 t y T - t in the above inequality, we can obtain
 .  .y pq1 r2 p qy1u 0, t G C T y t . 30 .  .  .1
Finally, we shall prove that
 .  .y qq1 r2 p qy1¨ 0, t F C T y t . 31 .  .  .4
Otherwise, there is an increasing sequence of times t ª Ty such thatn
yt 2¨ 0, t G c T y t 32 .  .  .n n n
 w x.and c ª q` as n ª q` see 10, 11 .n
 .  .Since ¨ G 0, by 25 and 32 we get, for any t F t - T ,t n
t t2 2 p 2 pu 0, t G ¨ 0, s ds G ¨ 0, s ds .  .  .H H
0 tn
 .  .yp qq1 r p qy12 p 2 pG t y t ¨ 0, t G c t y t T y t . 33 .  .  .  .  .n n n n n
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 .  .By 28 and 33 we get
 .  .  .  .yp qq1 r p qy1 y pq1 r p qy12 p 2c t y t T y t F C T y t . .  .  .n n n 2
 .  .Taking t s t q T r2 - t in the above inequality, we obtainn
1
2 p 2  pq1.r p qy1.c F C 2 .n 22
There is a contradiction as n ª q` because c ª q` as n ª q` andn
 .hence 31 holds.
 .  .By 28 ] 31 we obtain Theorem 2.
To prove Theorem 3, we first prove
LEMMA 4. Assume that t G 1. Then the only solution of the problem
¡ Nw s Dw , x g R , t ) 0,t q
­ w
t~y s cw , x s 0, t ) 0, 34 .1­ x1
N¢w x , 0 s 0, x g R . q
is the tri¨ ial one, i.e., w s 0.
w xProof. First we have the representation formulae 2 for the solution
 .of 34 ,
t
tw x , x9, t s G x ; 0; t y s S t y s w 0, x9, s ds, 35 .  .  .  .  .H1
0
where
< < 2x9 .y Ny1 r2 Ny1S t s 4p t exp y , x9 g R . .  .  /4 t
Then
t y1r2 t5 5 5 5w ?, t F p t y s w ?, s ds .  .  . .` H `
0
’2 t
t5 5F sup w ?, s . . `’p 0FsFt
 . 5  .5Set f t s sup w ?, s . Then we have`0 F sF t
’2 t
tf t F f t , t G 0. .  .’p
 .  .Since f 0 s 0 and t G 1, we have f t s 0, i.e., w s 0.
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 .  .Proof of Theorem 3. By 10 and 11 we see that ¨ satisfies
¡ N¨ s D¨ , x g R , t ) 0,t q
­ ¨
yq  pq1.rqq1. q pq1.rqq1.~y F C ¨ , x s 0, t ) 0,5 1­ x1
N¢¨ x , 0 s 0, x g R . . q
 .  .Since pq G 1, i.e., q p q 1 r q q 1 G 1, by Lemma 4 and the maximum
principle we have ¨ s 0. Hence u s 0.
w xRemark 1. Theorem 3 complements Theorem 3.5 in 2 .
Remark 2. The results in Lemma 1 and Theorem 3 may extend to the
system
¡ Nu s Du , ¨ s D¨ , x g R , t ) 0,t t q
­ u ­ ¨
a p q b~y s u ¨ , y s u ¨ , x s 0, t ) 0,1­ x ­ x1 1
N¢u x , 0 s u x , ¨ x , 0 s ¨ x , x g R . .  .  .  .0 0 q
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